Separatrix reconnection in the standard nontwist map is described, including exact methods for determining the reconnection threshold in parameter space. These methods are implemented numerically for the case of oddperiod orbit reconnection, where meanders (invariant tori that are not graphs) appear. Nested meander structure is numerically demonstrated, and the idea of meander transport is discussed.
Introduction
Here we consider the standard nontwist map (SNM) M , as introduced in Ref.
[1]:
where (x, y) ∈ T × R, a ∈ (0, 1) and b ∈ (−∞, ∞). This map is area-preserving and violates the twist condition,
along a curve in phase space, called the nonmonotone curve.
[2] Traditional studies of area-preserving maps dealt with twist maps, for which (2) is satisfied, but more recent research efforts have considered the nontwist case. Nontwist maps describe many physical systems, including the magnetic field lines in toroidal plasma devices such as tokamaks (see e.g. [3, 4, 5, 6, 7] ) and stellarators [8, 9] . Recently, it has been shown[10] that (2) is violated generically in area-preserving maps that have a tripling bifurcation of an elliptic fixed point. Apart from their physical importance, nontwist maps are of mathematical interest because important theorems concerning area-preserving maps assume the twist condition, e.g., the KAM and PoincareBirkhoff theorems. The SNM can serve as a model for the development of new proofs. Presently, only a few mathematical results exist for nontwist maps [11, 12, 2, 13] .
Nontwist maps of the annulus exhibit interesting bifurcation phenomena: periodic orbit collision and separatrix reconnection. The former, which applies specifically to collision of periodic orbits of the same period, such as the socalled up and down periodic orbits that occur in the SNM, can be used to calculate torus destruction, [14] while the latter is a global bifurcation that changes the phase space topology in the vicinity of a central barrier that occurs in these maps. At the threshold of reconnection, the invariant manifolds of two or more distinct hyperbolic orbits with the same rotation number connect. 
(3) The importance of these points was first recognized by Shinohara and Aizawa. In Ref.
[19], they showed that a shearless invariant torus crosses the x-axis at the two points z 0 2 and z 1 2 . This led them to devise the following criterion to determine the approximate location in the (a, b)-parameter space of the breakup of shearless invariant tori: For a given (a, b) value, one of these points, e.g. z 0 2 , is iterated many times. If the y value stays below a threshold, it is assumed that the shearless curve exists and the point is plotted. The boundary of the resulting diagram (see Fig. 7 ) displays a fractal-like structure. The analysis of Refs. [20, 14, 19] indicates that the highest peaks correspond to the break-up of shearless invariant tori with noble winding numbers. (See Refs. [20, 21] for discussion.)
In Ref.
[18], Shinohara and Aizawa obtained the four points of (3) and used them to propose exact expressions for the reconnection threshold of even-period hyperbolic orbits. These indicator points were independently re-discovered by Petrisor[2] in the analysis of the reversing symmetry group [22] of nontwist standard-like area-preserving maps.
A very different exact criterion for the reconnection threshold was also proposed by Petrisor in Ref. [23] . For a class of standard-like nontwist maps it was shown that the hyperbolic points belonging to periodic orbits of the same period are at the reconnection threshold if their actions coincide. As noted in Ref. [23] , for odd-period hyperbolic orbits in the SNM this criterion reduces to the action being zero at the point of reconnection.
The threshold for reconnection of even-period orbits, which is the same as the point of collision of their hyperbolic points, can be obtained by using the numerical observation [18] that at the point of bifurcation two of the indicator points belong to the periodic orbit.
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. By solving these two equations for the two unknowns (a, b), we can obtain an exact expression for the bifurcation threshold. Note that the result obtained using z is the collision threshold [b = Φ(a)]. Fig. 2 shows that the curves obtained analytically using this method compare very well with the numerically obtained bifurcation curves (where up and down periodic orbits have collided) using the methods of Ref. [20] .
Reconnection of odd-period periodic orbits
The reconnection scenario for the odd-period orbits is very different because the stability types of the up and down periodic orbits on a symmetry line are different [ Fig. 3 ]. In this case, as the chains approach each other with increasing perturbation, the hyperbolic manifolds of the up and down orbits connect, as shown in Fig. 3 . Further, increase of the perturbation leaves each hyperbolic orbit with a homoclinic and a heteroclinic manifold. In the region between the two chains, new periodic orbits and non-KAM tori appear [ Fig. 3 ], i.e., orbits and tori that do not exist at zero perturbation. These tori are not graphs over the x-axis and have been called meanders or meandering curves. [24, 13] Such invariant tori can occur only in nontwist maps (to be more precise, in the nontwist region of the phase space). It is known that any invariant torus for a twist map must be a graph over x. As the perturbation is increased further, the periodic orbits collide [ Fig. 3] , and are survived by the meandering tori. This reconnection process, in a related plasma physics context, was conjectured by Stix in [6, page 523]. He stated (emphasis and figure references are ours):
Looking now at the nonlinear growth of the double-tearing mode, Fig. 3 represent bold guesses at the possible evolution of the magnetic surfaces for this instability. . . If such reconnections were to take place in the doubletearing mode, it would be accompanied by a rapid redistribution of the current and electron heat along the new convoluted and extended magnetic surfaces.
An exact method for determining the threshold of reconnection for odd-period orbits was presented in Ref. [23] . This method uses the primitive function S(x, y), which is a generalization of the generating function of canonical transformations (see, e.g. Ref. [25] ). For the SNM, it is given by
The action of a periodic orbit {z 1 , z 2 , . . . , z n } is defined by
In the case of the SNM, Petrisor [23] states that at the reconnection threshold for an odd-period hyperbolic orbit, the action of the orbit is zero. (This result is valid for any orbit for which the up and down orbits on a symmetry line have opposite symmetry types, which is the case for odd-period orbits in maps with quadratic twist.) We have implemented this idea numerically. The main idea is to conduct a root search for the zeros of the action, considered as a function of the perturbation parameter b, for any given value of a. By this method, we have obtained reconnection curves b = Ψ(a) for a few low-period orbits. These are shown in Fig. 7. 
Meandering invariant tori
In this subsection, we will focus on two aspects of meandering tori: their implications for transport and their nested structure.
Meander transport and global meanders
The reconnection process outlined for odd-period orbits also takes place for the fixed points of the SNM. The only difference is that the location of the fixed points with winding number 0/1 is independent of the parameters (a, b), i.e., for all a > 0 the fixed points are located at (x, y) = (0, ±1) and (1/2, ±1). Thus even though the manifolds of the hyperbolic fixed points reconnect, the points do not collide with increased perturbation. This implies that for all b > Ψ 0/1 (a), there are meandering tori. These we call "global meanders" because they change the topology of the phase space globally and not just locally as is the case for meanders around other periodic orbits. An example of such meanders is shown in Fig. 4 .
We also note that the global meanders can traverse large regions in phase space. For example, for (a, b) = (0.001, 2.1), Fig. 4 shows meanders that range from y ≈ −13 to y ≈ 5. Their appearance can be understood by noting that the map is "integrable" for any nonzero value of b if a = 0. In this integrable case, there are no invariant tori that encircle the cylinder. However, the orbit of any point (x 0 , y 0 ) is parallel to y-axis:
The orbits near x = 0 and x = 1/2 undergo small displacements in y under iteration, while those close to x = ±1/4 are displaced in y in increments of the order of ∼ b. When
